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We calculate the circular dichroism (CD) for absorption of the twisted photons, or optical vortices,
by atoms, caused by atomic excitation into discrete energy levels. The effects of photon spin on the
rates and cross sections of atomic photo-excitation are considered. It is demonstrated that although
for electric dipole transitions the atomic excitation rates depend on the relative orientation of photon
spin and orbital angular momentum (OAM), the resulting CD is zero. However, CD is nonzero for
atomic transitions of higher multipolarity, peaking in the optical vortex center, resulting in preferred
absorption of the photons with their spins aligned with OAM. The effects remain large in a paraxial
limit, where analytic expressions are provided. The predicted spin asymmetries are equivalent to
OAM dichroism for the fixed photon spin.
I. INTRODUCTION ANDMOTIVATION
Circular Dichroism (CD) is defined as differential ab-
sorption of left and right circularly polarized photons,
and it is widely used in the analysis of materials that
are non-symmetric under mirror transformation either
through preferred chirality of the material structure or
through magnetic phenomena [1].
Twisted photons, or optical vortices, carry OAM
along their direction of propagation, and therefore they
can be characterized by their own chirality (or topo-
logical charge); see, e.g., [2] for a recent review. Spin-
dependence of OAM photon flux enters through a spin-
orbit interaction [3]. Interactions of the twisted pho-
tons with non-chiral nano-structures were reported in
Ref. [4, 5], showing significant CD, at 80 to 90 per cent
level, for varied topological charges. While the observed
large CD can be understood in principle by realizing
that left and right circular polarization states are not
mirror-symmetric for twisted photons, the observed ef-
fect still awaits theoretical explanation, likely in terms of
surface plasmon dynamics [5]. Theoretical predictions
of CD were previously made for twisted X-rays in met-
als [6].
In the present work we apply previously developed
formalism for photo-excitation of atoms by the twisted
photons [7, 8] and predict CD effects in the atomic mat-
ter. We take advantage is the observation [7, 9, 10] that
the transition amplitudes of atomic photo-excitation
with twisted photons can be presented in a simple fac-
torized form in terms of plane-wave photon amplitudes,
making our predictions applicable to a variety of atomic
targets. We present the results as a function of the dis-
tance between a given atom (or ion) to the center of the
optical vortex, that we define as an impact parameter b.
Precise measurements of 40Ca+ ion excitations with the
twisted light as a function of the impact parameter with
sub-wavelength position resolution were performed re-
cently Ref.[11] using an ion trap. For the most recent
review of twisted-light interactions with atoms, see [12]
and references therein.
Sections II and III of this paper review the formalism
for twisted photons and for calculating atomic photoex-
citation with the twisted photons, respectively. Sec. IV
introduces CD and discusses photon spin effects in the
the photoexcitation rates and cross sections, Sec.V de-
scribes the evolution of the twisted-photon polarization
caused by absorption, Sec. VI provides the analytic ex-
pressions in paraxial limit, and Sec. VII offers some clos-
ing comments.
II. DEFINITION OF TWISTED-PHOTON STATES
We define the twisted-photon states as non-paraxial
Bessel beams according to [13, 14], that can be viewed as
extensions of the nondiffractive Bessel modes described
in [15, 16]. More detail is given in [7]. These states cor-
respond to superposition of TE and TM Bessel modes
introduced in Ref. [17]; see also Appendix of Ref.[8] for
detailed comparison.
A twisted photon state with symmetry axis passing
through the origin, can be given as a superposition of
plane waves and in Hilbert space can be written as,
|κmγkzΛ〉 =
√
κ
2pi
∫ dφk
2pi
(−i)mγ eimγφk |~k,Λ〉 . (1)
The component states on the right are plane-wave states,
all with the same longitudinal momentum kz, the same
transverse momentum magnitude κ = |~k⊥|, and the
same plane wave helicity Λ (in the directions ~k). The
angle φk is the azimuthal angle of vector ~k, and with
the phasing shown, mγ is the total angular momen-
tum in the z direction. We also define a pitch angle
θk = arctan(κ/kz), and ω = |~k|. The pitch angle θk
was first introduced in the definition of Bessel beams in
Ref.[15, 16], and it is related to Berry phase of the pho-
ton as [3]: ΦB = 2pi(1− cos θk). The phase singularity
of this beam is located on the beam symmetry axis.
The electromagnetic potential of the twisted photon
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2in coordinate space is
AµκmγkzΛ(t,~r) =
√
κ
2pi
e−iωt
×
∫ dφk
2pi
(−i)mγ eimγφk εµ~k,Λe
i~k·~r. (2)
The polarization vectors are
ε
µ
~kΛ
= e−iΛφkcos2 θk
2
η
µ
Λ + e
iΛφksin2
θk
2
η
µ
−Λ +
Λ√
2
sin θkη
µ
0
(3)
with 4-dimensional unit vectors,
η
µ
±1 =
1√
2
(0,∓1,−i, 0) , ηµ0 = (0, 0, 0, 1) . (4)
The electromagnetic potential then has a form
AµκmγkzΛ(x) = e−i(ωt−kzz)
√
κ
2pi{
Λ√
2
eimγφρ sin θk Jmγ(κρ) η
µ
0
+ i−Λei(mγ−Λ)φρ cos2 θk
2
Jmγ−Λ(κρ) η
µ
Λ
+ iΛei(mγ+Λ)φρ sin2
θk
2
Jmγ+Λ(κρ) η
µ
−Λ
}
.
(5)
The energy flux is given by
f (ρ) = cos(θk)(|E|2 + |B|2)/4 = cos(θk)κω
2
2pi{
cos4
θk
2
J2mγ−Λ(κρ) + sin
4 θk
2
J2mγ+Λ(κρ) (6)
+
sin2 θk
2
J2mγ(κρ)
}
.
The use of the above canonical-momentum expression is
essential, since Poynting vector alone does not represent
the full energy flux of a twisted photon beam [3, 18].
III. PLANE-WAVE FACTORIZATION FOR ATOMIC
PHOTOEXCITATIONWITH TWISTED PHOTONS
Here we briefly review the formalism of atomic pho-
toexcitation by the twisted photons worked out previ-
ously [7–10], leading to plane-wave factorization prop-
erty of the twisted-photon absorption.
Consider the excitation by a twisted photon of an
atom. The photon’s wave front travels in the z-direction
and the axis of the twisted photon is displaced from the
nucleus of the atomic target by some distance in the x-y
b
y
x
b
|         |
e−
Nucleus
FIG. 1: Relative positions of atomic state and photon axis, as
projected onto the x-y plane, with the origin at the nucleus of
the atom.
plane which we will call an impact parameter ~b, Fig.1.
The transition matrix element is
S f i = −i
∫
dt〈n f l fm f |H1|nilimi; κmkzΛ〉 , (7)
where the non-relativistic interaction Hamiltonian is
given by
H1 = − eme
~A · ~p , (8)
and we use standard notation (n, l,m) for the principal,
orbital and magnetic quantum numbers of initial and fi-
nal states of an atom.
It can be shown that Ref.[7, 9, 10] that for atomic ex-
citation from the ground state (li = mi = 0) the above
amplitude from Eq.(7) is proportional to the plane-wave
amplitude M(pw) times Wigner d-functions that only
depend on the pitch angle θk and Bessel functions that
define the amplitude dependence on the impact param-
eter b. Here, the Bessel factor arises due to the azimuthal
phase dependence of the twisted-photon and the excited
atomic state, and Wigner d-functions is a result of a tilted
quantization axis (by an angle θk) with respect to the di-
rection of beam propagation:
|Mn f l fm fΛ(b)| =∣∣∣∣√ κ2pi Jm f−mγ(κb)dl fm fΛ(θk)M(pw)n f l fΛΛ(θk = 0)
∣∣∣∣ (9)
The factorized form of the transition amplitude fa-
cilitates comparison of twisted-photon vs plane-wave
absorption by atoms. It contains the details of atomic
structure in a common-factor plane-wave amplitude
M(pw), while the novel features arising from the phase
and spatial structure of the twisted light are contained
in Wigner and Bessel functions that enter independently
of the specific details of atomic wave functions. When
deriving the factorization property Eq.(9), we used the
3first-order Born matrix element that assumes the interac-
tion proceeds in the linear regime, justifying representa-
tion of S-matrix as a linear superposition of plane-wave
matrix elements. To further prove total angular mo-
mentum conservation under photo-absorption, we pre-
viously assumed that the atom is much smaller than the
wavelength of absorbed light [8], but this assumption is
not needed to derive Eq.(9). Therefore as long as the lin-
ear interaction regime holds, the above formula is appli-
cable to twisted-photon excitation of arbitrary quantum
systems, such as atoms, molecules, ions, atomic nuclei,
excitons or quantum dots. For example taking the limit
θk → pi/2 in Eq.(9), we recover a similar factorization
property recently derived for the absorption of polari-
ton vortices, c. f . Eq.(2) of [19].
IV. SPIN-DEPENDENCE AND CIRCULAR DICHROISM
OF TWISTED-PHOTON ABSORPTION
The twisted-photon flux depends on the sign of Λ
defining the handedness of plane-wave photons that
form a given Bessel beam, and this dependence was
discussed previously by Bliokh and collaborators in the
context of spin-orbit interaction of light [3, 20].
The photo-excitation cross section of is given by
σ
(mγ)
n f l fΛ
= 2piδ(E f − Ei −ωγ)
∑
m f=l f
m f=−l f |M
(mγ)
n f l fm fΛ
(b)|2
f
.
(10)
where summation over final spins and averaging over
initial spins is implied and the photon flux f may be
either unintegrated f (b) (given by Eq.(6)) or integrated
over the transverse beam profile. For the excitation rates
Γ one removes the flux f from the above expression, i.e.
Γ(mγ)n f l fΛ = f · σ
(mγ)
n f l fΛ
. (11)
Circular dichroism is defined as a differential absorp-
tion probability for left- vs right-circularly polarized
light. It can be observed either by measurements of
polarization dependence of light transmission through
matter or by observing ellipticity acquired by a linearly
polarized light beam as a result of the difference of ab-
sorption in Λ = +1 and Λ = −1 states.
Let us compare the rates and the cross sections of
photo-absorption of the twisted photons with opposite
signs of circular polarizationΛ, while keeping (paraxial-
limit) OAM unchanged. It leads to a definition
CD(mγ ,l f ) =
σ
(mγ+1)
n f l f ;Λ=1
− σ(mγ−1)n f l f ;Λ=−1
σ
(mγ+1)
n f l f ;Λ=1
+ σ
(mγ−1)
n f l f ;Λ=−1
, (12)
where mγ defines twisted photon’s topological charge
that corresponds to its OAM projection in a paraxial
limit.
Using Equations (6,9), we first consider electric dipole
E1-transitions for which OAM of the atomic electron
changes by one unit, and find CD to be identically zero
for any twisted light beam of a given mγ. We also find
from the same equations that CD is zero for beams with
mγ=0 and any l f , which is expected from parity consid-
erations.
CD(mγ ,l f=1) = CD(mγ=0,l f ) = 0. (13)
The reason behind this null result for E1-transitions
is that excitation rates Γ for these transitions are propor-
tional to the photon flux f (b), and even though they sep-
arately depend on the sign of Λ, this dependence can-
cels in the cross section, yielding zero CD for isotropic
atomic targets.
The calculation results for CD are shown in Fig.2 for
electric quadrupole ∆l = 2 (a) and electric octupole
∆l = 3 transitions (b) for a fixed pitch angle θk=0.1
rad. The calculations show large and positive values
of CD near the phase singularity of the optical vortex
b→ 0, and CD is seen to die off at the atom’s positions of
about one photon wavelength and larger. It means that a
twisted photon whose spin is aligned with its OAM have
a higher relative probability to be absorbed by the atom.
Further analyzing the dependence on the pitch angle θk
we find that CD becomes independent of this param-
eter in a broad range of moderately small angles, and
remains the same in the paraxial limit θk → 0, see Fig.3.
If the experiment does not resolve the atom’s position b,
we would have to integrate over all impact parameters,
which would result in zero CD due to the fact that total
excitation cross sections would not depend on a partic-
ular value of mγ or Λ, see Ref.[7].
In experiments that directly measure the atomic ex-
citation rates as a function of the impact parameter b,
the results are presented as rates (or Rabi frequencies
as in Ref.[11]) normalized to the total laser-beam power
within an aperture that is much wider that the wave-
length of light. In this case a relevant observable would
be Λ-dependence of the photo-excitation rate that was an-
alyzed theoretically in Ref.[7] (for the case of leading E1
transitions).
We define photon-spin asymmetry of the photo-
excitation rate similarly to CD,
A
(mγ ,l f )
Λ =
Γ(mγ+1)n f l f ;Λ=1 − Γ
(mγ−1)
n f l f ;Λ=−1
Γ(mγ+1)n f l f ;Λ=1 + Γ
(mγ−1)
n f l f ;Λ=−1
. (14)
The results are presented in Fig.4 for the atomic tran-
sitions into the states of l f = 1, 2, and 3 caused by the
photons with topological charges mγ=0 to 3. We can
see that the spin asymmetry of rates behaves differently
from CD: The asymmetry is negative within the distance
of about one wavelength near the optical vortex center
and, with a few exceptions, reaches a value of -1 at the
center. It means that the transitions at the vortex center
are mainly caused by the twisted photons whose spin
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FIG. 2: Circular dichroism (CD) as a function of impact param-
eter b (in units of photon wavelength λ) for different values of
mγ for excitation of the atomic states with l f = 2 (a) and l f = 3
(b); the angle θk=0.1 rad. The curve styles denote the average
photon’s angular momentum projection: mγ = 0 is the blue
solid curve, mγ = 1 is orange and dashed, mγ = 2 is green
and dotted, mγ = 3 is red and dot-dashed. CD is zero for the
beams with no OAM (mγ=0).
and OAM are anti-aligned. An apparent difference from
positive-sign CD is due to the fact that there is a rela-
tively denser flux of the anti-aligned twisted photons at
the vortex center for the same overall beam power.
If the atom’s position is not resolved, we would have
to integrate over the position, resulting into zero spin
asymmetry AΛ, similarly to the above result for CD.
It implies that observation of spin-asymmetric absorption
of twisted light by atomic matter requires localization of the
target atoms within about light’s wavelength. It can be
achieved, for example, by using nano-sized apertures,
well-localized ions in Paul traps, or mesoscopic targets.
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FIG. 3: CD as a function of a pitch angle θk for a fixed im-
pact parameter b/λ = 0.25, for (a) electric dipole E1 transi-
tions (l f = 1), which coincides with spin asymmetry of the
photon flux Eq.(6) and (b) electric quadrupole E2 transitions
(l f = 2). Different curves correspond to different topological
charges mγ, the notation is as in Fig.2.
V. EVOLUTION OF THE TWISTED-LIGHT
POLARIZATION UNDER PROPAGATION INMATTER
Above predictions of nonzero CD for the twisted light
being absorbed by atoms would lead to the evolution of
twisted-photon polarization states. Indeed, let us repre-
sent an arbitrary polarization state as a superposition of
Λ = 1 and Λ = −1 spin states, or left- and right- circu-
larly polarized states, for a given topological charge:
|κmγkz >= c−|κmγkzΛ = −1 > +c+|κmγkzΛ = 1 >
(15)
where c± are complex coefficients. Their dependence
on the propagation distance z is controlled by the atten-
uation coefficients µ±, that in turn are proportional to
the photoabsorption cross sections µ± = σ± · n, where
n is a number of atoms per unit volume, with the ex-
pressions for σ± coming from Eq.(10). Since we are in-
terested in comparison with the plane-wave propaga-
tion, we can express the attenuation coefficients in terms
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FIG. 4: Spin asymmetry of the photoexcitation rates for elec-
tric dipole E1 (a) quadrupole E2 (b) and octupole E3 (c) tran-
sitions. Different curves correspond to different topological
charges mγ, the notation is as in Fig.2, and the angle θk=0.1
rad.
of their plane-wave values and the cross section ratios
rtw± (b) introduced in [7, 10]:
µ± = µpw
σ
σpw
= µpwrtw± (b), (16)
where the plane-wave attenuation coefficient µpw is in-
dependent ofΛ for the isotropic atomic matter, while the
factor rtw± (b) depends onΛ and on the impact parameter
b. Then
c±(z) = c±(0)e−µ±z/2 = c±(0)e−µ
pwzrtw± (b)/2. (17)
For the case of electric dipole transitions l f =1, it fol-
lows from Eqs.(6,9) that rtw± (b) = 1/ cos θk, indepen-
dently of Λ and b [7, 9, 10]. Therefore, the coefficients
c±(z) have the same z-dependence resulting in no evo-
lution of the twisted-photon polarization due to atomic
absorption via electric-dipole transitions. However for
higher-multipole transitions into the states l f > 1 the
factors rtw± (b) depend on the photon spin projection due
to CD as defined in Eq.(12) (since the plane-wave cross
section is a constant and it cancels in the ratio).
For example, let us consider a superposition of Λ = 1
and Λ = −1 spin states for the same topological charge
mγ = 1, and assume the coefficients to be real and ini-
tially equal: c−|z=0 = c+|z=0, where the field poten-
tial with a given Λ is defined by Eq.(5). It results in a
state with almost 100% linear polarization of transverse
fields in the central region of the vortex (except for the
small region near the node of Bessel function Jmγ ). How-
ever, even for small values of propagation distance z,
the optical vortex develops 100% circular polarization
in the vortex center (C-point), and this region broadens
as the beam passes further through the atomic matter.
This prediction is shown in Fig.5, where we used stan-
dard definitions for Stokes parameters S0−3 [21]. Devel-
opment of C-type polarization singularity at the vortex
center as a result of beam propagation can be observed
in a dedicated experiment.
It should be noted that here we only considered the ef-
fects from photon absorption that result in CD. An addi-
tional effect would be forward scattering of the twisted
photons, see, e.g. [22]. Corresponding spin depen-
dence would result in circular birefringence showing in
rotation of polarization plane of the linearly-polarized
twisted light due to spin dependence of refractive index.
VI. SPIN-DEPENDENCE AND CIRCULAR DICHROISM
IN PARAXIAL LIMIT
Numerical calculations of spin-dependent observ-
ables for the twisted light with a fixed topological charge
mγ reveal smooth transition to the paraxial limit θk → 0.
Actually, as seen in Fig.3, there is little dependence on
this angle for θk ≤ 0.25 rad. This observation prompts
us to apply small-angle Taylor expansion for the expres-
sions of CD and AΛ using explicit formulae Eqs.(6,9).
Noticing that the argument of Bessel functions is κb =
k sin θkb ≈ kbθk and defining kb ≡ x, we consider Λ-
dependence of the photon flux Eq.(6), which is the same
as the rate of l f = 1 dipole excitation.
For the case of topological charge mγ = 1 we have
after Taylor-expanding Bessel functions for small values
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FIG. 5: Evolution of linear polarization S2/S0 (a) and circular
polarization S3/S0 (b) of an optical vortex due to absorption in
the atomic matter as a function of impact parameter b for dif-
ferent values of propagation distance z=0 (solid blue), z=0.01
(dashed), z=0.1 (dotted) and z=0.2 (dot-dashed line), where z
is in units of plane-wave attenuation length 1/µpw. A topolog-
ical charge is mγ = 1 and the angle is θk=0.1 rad.
of their arguments:
mγ = 2, Λ = 1, f(Λ=1) ∝
x2
4
θ2k ,
mγ = 0, Λ = −1, f(Λ=−1) ∝
x2
4
θ2k +
θ2k
2
, (18)
where the x-independent term in the last row comes
from Jmγ term in the flux Eq.(6), the term being indica-
tive of spin-orbit interaction [3].
The dependence on θk cancels in the expression for the
asymmetry, yielding
lim
θk→0
A
(mγ=1,l f=1)
Λ =
−1
1 + x2
, (19)
where the x − independent spin-orbit term of Eq.(18) is
a cause for a nonzero asymmetry. In view the relevant
discussion in the literature on the spin-orbit interaction
of light [3, 20], we can attribute nonzero spin effects to
this interaction.
Similarly, we can obtain the expression for AΛ for any
topological charge:
lim
θk→0
A
(mγ ,l f=1)
Λ =
−1
1 +
2x4/m2γ
(mγ−1)2+2x2
, (20)
where in general all three terms of Eq.(6) appear to be of
the same order in θk for the anti-aligned spin and OAM.
This expression closely matches rate asymmetries in
Fig.4(a) for moderately small pitch angles θk ≤ 0.25. It
is remarkable that while the beam waist size strongly
depends on the angle θk (which in turn relates to Berry
phase [3]), the spin asymmetry in the paraxial limit de-
pends only on the topological charge mγ.
We can use the same approach to determine the spin
asymmetries of photoexcitation rates for higher tran-
sition multipolarities, that in addition requires small-
angle expansion of Wigner d-functions in Eq.(9). For ex-
ample, for the quadrupole transitions caused by mγ=1
beam, we identify the terms that are leading-order in
small θk-expansion:
mγ = 2, Λ = 1,
M(m f = 2) ∝ J0(κb) · d(2)21 (θk) ≈ θk, (21)
M(m f = 1) ∝ J1(κb) · d(2)11 (θk) ≈ kθk/2,
mγ = 0, Λ = −1,
M(m f = 0) ∝ J0(κb) · d(2)0−1(θk) ≈
√
3
2
θk, (22)
M(m f = −1) ∝ J1(κb) · d(2)−1−1(θk) ≈ kθk/2.
Squaring the amplitudes and summing over all mag-
netic quantum numbers m f according to Eqs.(10,14), we
obtain:
lim
θk→0
A
(mγ=1,l f=2)
Λ =
−1
5 + x2
, (23)
that results in -20% asymmetry in the vortex center,
in agreement with exact results from Fig.4b. We can
trace the factors yielding this value of the asymmetry
to the differences between Wigner d-functions d(2)21 (θk)
and d(2)0−1(θk) multiplying non-vanishing transition am-
plitudes in the vortex center: the latter is larger by a fac-
tor
√
3/2 in a small-angle limit. Experimental observa-
tion of this difference in the excitation amplitudes can be
made by analyzing normalized Rabi frequencies in ion
traps, in a setup similar to Ref.[11].
Taking the expressions for CD Eq.(12), we obtain in
the paraxial limit, for example:
CD(mγ=1,l f=2) =
4
x4 + 6x2 + 4
. (24)
7Other analytic expressions in the paraxial limit for
different values of the topological charge mγ and the
excited-atom OAM l f are listed in the Appendix.
VII. SUMMARY AND DISCUSSION
In this work we applied previously developed the-
oretical formalism [7–9] to analyze photoexcitation of
an atom by Bessel beams with OAM and with differ-
ent orientations of photon spin. We found that both
the photoexcitation rates and cross sections of twisted-
photon absorption show strong dependence on the rela-
tive orientation of spin and OAM along the beam prop-
agation direction. They can be observed by fixing the
spatial structure of the beam (i.e., OAM) and flipping
circular polarization with quarter-wave plates. From
the parity considerations, it would be equivalent, up to
an overall sign, to fixing the circular polarization and
analyzing dependence on the sign of OAM projection
on the beam propagation direction. Therefore our cal-
culations predict both circular and OAM dichroism of
the twisted light. Due to the factorization property of
the twisted-light photoexcitation amplitudes in the first
Born approximation Eq.(9), the plane-wave matrix ele-
ments cancel in the spin asymmetries (due to parity con-
servation), yielding the results independent of the inter-
nal structure of the atomic target.
Since the rates of electric dipole transitions are pro-
portional to the local energy flux, the corresponding
CD is zero. However, position-dependent photoexcita-
tion rates show strong dependence on the photon spin,
in manifestation of spin-orbit interaction of light, c.f.
[3, 20]. The corresponding rate asymmetry becomes in-
dependent of the pitch angle θk for moderately small an-
gles below about 0.25 rad. This observation provides
a possible method for determination of the topological
charge of optical vortex. For the higher-multipole tran-
sitions with excitation of l f > 1 atomic states, the spin
asymmetries are large near the optical vortex center; the
asymmetries die off at distances about one wavelength
from the vortex center. For electric quadrupole transi-
tions caused by the beams of topological charge mγ=1,
the maximum spin asymmetry of the excitation rates is
predicted to be -20%, that may be observed in the exper-
imental setup similar to Ref.[11] by analyzing Rabi fre-
quencies for individual electronic transitions in an ion
trap.
We believe the present analysis of spin dependence of
light absorption in atomic matter will be instrumental
for quantum computing applications, optical communi-
cations, imaging, and characterization of twisted light in
a broad range of wavelengths.
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VIII. APPENDIX
A. Expressions for Spin Asymmetries in a Paraxial Limit
Here we present the expressions for CD and AΛ for
small values of the pitch angle θk → 0, with x ≡ k · b.
Electric Quadrupole transitions l f=2
Rate Asymmetries
A
(mγ=1,l f=2)
Λ = −
1
x2 + 5
,
A
(mγ=2,l f=2)
Λ = −
2
(
2x2 + 9
)
x4 + 20x2 + 18
, (25)
A
(mγ=3,l f=2)
Λ = −
9
(
x4 + 18x2 + 8
)
x6 + 45x4 + 162x2 + 72
,
A
(mγ=4,l f=2)
Λ = −
8
(
2x4 + 81x2 + 144
)
x6 + 80x4 + 648x2 + 1152
.
Circular Dichroism
CD(mγ=1,l f=2) =
4
x4 + 6x2 + 4
,
CD(mγ=2,l f=2) =
48x2 + 32
x6 + 24x4 + 84x2 + 32
, (26)
CD(mγ=3,l f=2) =
36
(
5x2 + 16
)
x6 + 54x4 + 504x2 + 720
,
CD(mγ=4,l f=2) =
64
(
7x2 + 54
)
x6 + 96x4 + 1744x2 + 5760
.
Electric Octupole Transitions l f=3
Rate Asymmetries
A
(mγ=1,l f=3)
Λ = −
1
x2 + 11
A
(mγ=2,l f=3)
Λ = −
4x2 + 42
x4 + 44x2 + 102
(27)
A
(mγ=3,l f=3)
Λ = −
9
(
x4 + 42x2 + 80
)
x6 + 99x4 + 918x2 + 720
A
(mγ=4,l f=3)
Λ = −
8
(
2x6 + 189x4 + 1440x2 + 540
)
x8 + 176x6 + 3672x4 + 11520x2 + 4320
8Circular Dichroism
CD(mγ=1,l f=3) =
10
x4 + 12x2 + 10
CD(mγ=2,l f=3) =
40
(
3x4 + 8x2 + 3
)
x8 + 48x6 + 264x4 + 320x2 + 120
(28)
CD(mγ=3,l f=3) =
90
(
5x4 + 64x2 + 108
)
x8 + 108x6 + 1746x4 + 7200x2 + 9720
CD(mγ=4,l f=3) =
160
(
7x4 + 216x2 + 945
)
x8 + 192x6 + 6304x4 + 57600x2 + 159840
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